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GROWTH OF PERIMETER FOR VORTEX PATCHES IN A BULK
KYUDONG CHOI AND IN-JEE JEONG
Abstract. We consider the two-dimensional incompressible Euler equations. We construct vortex patches with smooth boundary
on T2 and R2 whose perimeter grows with time. More precisely, for any constant M > 0, we construct a vortex patch in T2 whose
smooth boundary has length of order 1 at the initial time such that the perimeter grows up to the given constant M within finite
time. The construction is done by cutting a thin stick out of an almost square patch. A similar result holds for an almost round
patch with a thin handle in R2.
1. Introduction
We consider the incompressible Euler equation in vorticity form:
∂tω + u · ∇ω = 0, u = ∇⊥∆−1ω,(1.1)
where ∇⊥ = (−∂x2 , ∂x1). We take the physical domain to be either T2 = (R/2piZ)2 or R2. In the former case, we need to assume
that
∫
T2 ω0 dx = 0 holds, which propagates in time. At each moment of time, the velocity u(t) can be obtained from the vorticity
ω(t, ·) via the Biot-Savart law:
u(t, x) =
∫
R2
K(x− y)ω(t, y) dy, K(x) = 1
2pi
x⊥
|x|2 .
The above formula holds in the case of T2 as well, by periodically extending ω(t) to all of R2.
For ω0 ∈ L∞(T2) or L∞ ∩ L1(R2), the well-known result of Yudovich ([22]) shows that there exists a unique and global-in-time
solution to (1.1). In particular, when the initial data takes the form ω0 =
∑n
i=1 ai1Ωi0
for open sets Ωi0 with disjoint closures and
constants ai ∈ R, it can be shown that the unique solution is given by ω(t) = ∑ni=1 ai1Ωit where Ωit again has disjoint closures with
each other for any t > 0. Solutions of this form are commonly referred to as vortex patches. Introducing the flow Φ(t, x) satisfying
d
dt
Φ(t, x) = u(t,Φ(t, x)), Φ(0, x) = x,
we have that Ωit = Φ(t,Ω
i
0) for each 1 ≤ i ≤ n. Given x, the curve t 7→ Φ(t, x) describes the trajectory of the “fluid particle” initially
located at x.
It is known that if initially the patch boundary is smooth, then the smoothness propagates for all time ([4, 2, 18]). The estimates
give that the perimeter of the patch could grow at most double exponentially in time ([2, 12]). When one considers patch solutions
in domains with a boundary, linear in time growth of the perimeter can be easily achieved for certain initial data. For instance,
inside an annulus one can consider a patch which connects two boundary components. It can be shown that for all times, the inner
and outer boundaries rotate with different angular velocities ([16]), which in particular stretches the patch boundary at least linearly
in time. A similar effect can be obtained if one sets up two patches of different sign to touch each other ([10]). When boundaries
are absent and patches are separated from each other, it seems like a difficult question to show growth of perimeter in time. In this
paper, we prove that for any M > 0, there exists a patch having smooth boundary and uniformly bounded perimeter in T2 and R2
so that the perimeter becomes larger than M at a later time. Our constructions in T2 and R2 are based on stability results for the
Bahouri-Chemin steady state ([1]) and the circular patch ([20, 19]), respectively. The latter construction partially confirms the well
known phenomena called filamentation–nearly circular patches forming “long arms” ([3, 9, 17]). We note that the Bahouri-Chemin
solution has been very useful in proving small scale creation in the 2D Euler equation ([7, 8, 14, 11, 21, 23, 13]). To prove growth of
the perimeter, the main task is to measure the length of a curve in a bulk given by Euler evolution at a certain time; this is much
harder than just measuring the length of the trajectory of a particle up to a given time.
1.1. Main result. We now state our main results, which are sufficient conditions for an initial patch to guarantee at least linear
growth of the perimeter up to some finite but arbitrarily large time. We denote the origin by xo = (0, 0) and the center of the square
[0, pi]2 by xc = (
pi
2
, pi
2
). Moreover, given x and r > 0, we use B(x, r) to denote the open ball of radius r centered at x. In the T2 case,
we shall always assume that ω is odd with respect to x1 and x2,1 and we shall specify the data and the solution only on [0, pi]
2.
Before presenting the main result, let us define the notion of the winding number around the point xc for any continuous curve
γ : [0, 1] → (0, pi)2\{xc} ⊂ (0,∞) × (R/2piZ). The last inclusion is provided by the polar coordinates (r, θ) centered at xc: r
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1The 2D Euler equation preserves odd symmetry; if ω0 satisfies ω0(x1, x2) = −ω0(−x1, x2) and ω0(x1, x2) = −ω0(x1,−x2) for all x1, x2 ∈ T, the
solution ω(t) again satisfies ω(t, x1, x2) = −ω(t,−x1, x2) and ω(t, x1, x2) = −ω(t, x1,−x2) for all t > 0.
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and θ are defined by r = |x − xc| and tan(θ(x)) = x2−xc,2x1−xc,1 , respectively. Any such curve can be lifted to a continuous curve
γ˜ = (γ˜1, γ˜2) : [0, 1] → (0,∞) × R where Π ◦ γ˜ = γ with Π : R → R/2piZ being a natural projection. Then we define the winding
number Nxc [γ] by
(1.2) Nxc [γ] =
1
2pi
(γ˜2(1)− γ˜2(0)) ,
i.e. the difference of the “angular” component of γ˜(1) and γ˜(0) multiplied by (2pi)−1 (cf. see ([6, 5]) for particle trajectories). Note
that if the image of γ is contained in (r0,∞)× (R/2piZ) (in the polar coordinates) for some r0 > 0, then
(1.3) length(γ) ≥ 2pir0 · |Nxc [γ]|.
Our main result in the T2 case roughly states that if the initial patch fills up most of (0, pi)2 but does not contain some region
near xc, then growth of the perimeter must occur.
Theorem 1.1 (The torus case). For any small  > 0 and for any open set Ω0 compactly contained in (0, pi)
2 with its smooth boundary
∂Ω satisfying
• area([0, pi]2\Ω0) ≤ 2, and
• there exists a continuous curve γ lying on ∂Ω0, intersecting B(xo, ˜) and B(xc, δ) where ˜ = (c2δ)exp((c3)−1), and satisfying
|Nxc [γ]| ≤ 1,
the solution 1Ωt to (1.1) with initial data 1Ω0 satisfies
length(∂Ωt) ≥ c0t for all t ∈ [0, c1

].
Here, δ, c0, c1, c2 and c3 are small positive constants which do not depend on .
In the R2 case, for any continuous curve γ : [0, 1] → R2 \ {x0}, we can similarly define the winding number Nx0 [γ] around the
origin x0 as in (1.2). Then, we have growth of the perimeter for patches which are nearly circular in the L
1 sense but are with a
“handle”.
Theorem 1.2 (The whole space case). For any small  > 0 and for any open set Ω0 ⊂ R2 with its smooth boundary ∂Ω satisfying
• Ω0 ⊂ B(xo, 3) and area(Ω04B(xo, 1)) ≤ c14, and
• there exists a continuous curve γ lying on ∂Ω0, intersecting {|x| = i} for i = 1, 2, and satisfying
|Nxo [γ]| ≤ 1,
the solution ωt = 1Ωt to (1.1) with initial data ω0 = 1Ω0 satisfies
length(∂Ωt) ≥ c0t for all t ∈ [0, 1

].
Here, c0 and c1 are small positive constants which does not depend on .
Remark 1.3. It is not difficult to see that for any given  > 0, there exists Ω0 satisfying the assumptions of Theorem 1.1 and 1.2
with uniformly bounded perimeter, say length(∂Ω0) ≤ 20. For instance, see Figure 1.
(a) T2-case, depicted on [0, pi]2. The dashed circles represent
B(xo, ˜) and B(xc, δ).
(b) R2-case. The dashed circle represents B(xo, 2).
Figure 1. Examples of patches satisfying the assumptions of Theorems 1.1, 1.2
Remark 1.4. While infinite-time linear perimeter growth should be achievable if ∂Ω0 is allowed to intersect with ∂([0, pi]
2) in the
setup of Theorem 1.1, it seems like a challenging problem to lift such an additional condition.
We prove Theorems 1.1 and 1.2 respectively in Sections 2 and 3. In both cases, the strategy is to use stability properties of the
background solution (which is the Bahouri-Chemin solution and the circular vortex patch, respectively) and arrange two parts of
the patch to rotate with different angular speeds, which results in an increase of the winding number of the patch boundary. As a
consequence of (1.3), the length of the boundary grows in time.
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In the proof, when γt = Φ(t, γ0), the increment (in time) of the winding number of the curve γt around a fixed point x is accessed
by the following way:
2pi(Nx[γt]−Nx[γ0]) = (γ˜t,2(1)− γ˜t,2(0))− (γ˜0,2(1)− γ˜0,2(0)) = (γ˜t,2(1)− γ˜0,2(1))− (γ˜t,2(0)− γ˜0,2(0))
=
(∫ t
0
u(s, γs(1)) · (γs(1)− x)
⊥
|γs(1)− x|2 ds−
∫ t
0
u(s, γs(0)) · (γs(0)− x)
⊥
|γs(0)− x|2 ds
)
.
(1.4)
Each integral in (1.4) represents the winding number (in time) around x of each particle trajectory γt(1), γt(0) up to time t (e.g. see
[6]).
2. The torus case
2.1. Bahouri-Chemin stationary solution. The Bahouri-Chemin steady state is given by ([1])
ωBC(x1, x2) = sgn(x1)sgn(x2), −pi < x1, x2 ≤ pi.
Note that ωBC is odd in both variables. This defines a stationary solution to (1.1) in T2, simply because the particle trajectories
cannot cross the separatrices, to preserve odd symmetry. Introducing the stream function ψBC defined by
∆ψBC = ωBC in (0, pi)2
ψBC = 0 on ∂([0, pi]2),
the velocity is given by uBC = ∇⊥ψBC and we have that the particle trajectories lie on level sets of ψBC , which are closed
curves foliating the torus. As a warm-up, we construct an example of a curve whose length grows linearly with time under the
Bahouri-Chemin flow. The properties of ψBC established here will be useful in the proof of our main result.
Proposition 2.1. Let γ : [0, 1]→ [0, pi]2 be the line segment
γ(t) = (1− t)x0 + txc, t ∈ [0, 1].
Let ΦBC : [0,∞)× [0, pi]2 → [0, pi]2 be the flow map generated by ωBC restricted to [0, pi]2. Then,
length(ΦBC(t, γ)) ≥ c0t
for all t > 0, with some absolute constant c0 > 0.
Proof. Since ΦBC(t, ·) : [0, pi]2 → [0, pi]2 defines a diffeomorphism away from the points (0, 0), (0, pi), (pi, 0), (pi, pi), γt := ΦBC(t, γ) is
a rectifiable curve satisfying γt(0) = x0 and γt(1) = xc for any t > 0.
Note that ψBC is C∞-smooth and actually analytic away from ∂([0, pi]2). We consider the Taylor expansion of ψBC around xc:
we have
ψBC(x) = ψBC(xc) +
1
4
|x− xc|2 +O(|x− xc|4).
In the above, the linear and cubic terms in x − xc do not appear due to the 4-fold symmetry of ψBC around xc; that is, ψBC is
invariant under the counterclockwise pi
2
-rotation around xc. Therefore, we have the following expansion for u
BC :
uBC(x) =
1
2
(−(x2 − xc,2)
x1 − xc,1
)
+O(|x− xc|3).
We shall fix an absolute constant 0 < δ ≤ 1
4
such that for |x− xc| ≤ 2δ,∣∣∣∣uBC(x)− 12
(−(x2 − xc,2)
x1 − xc,1
)∣∣∣∣ ≤ 14 |x− xc|2,(2.1)
and ∣∣∣∣ψBC(x)− ψBC(xc)− 14 |x− xc|2
∣∣∣∣ ≤ 116 |x− xc|3.(2.2)
Assume that x satisfies 1
2
δ ≤ |x− xc|. Then, it follows from (2.2) that
1
4
δ ≤ |ΦBC(t, x)− xc|
for all t > 0. Now we restrict γ to [0, a] ⊂ [0, 1] such that γ˜ := γ|[0,a) does not intersect the (open) ball B(xc, δ2 ) and |γ(a)−xc| = δ2 .
Then, ΦBC(t, γ˜) does not intersect B(xc,
δ
4
) for all t > 0. Set x∗ = γ(a) and let T > 0 be the period of x∗; that is,
T = min{t > 0 : ΦBC(t, x∗) = x∗}.
(The fact that T < +∞ follows from (2.1) and |xc − x∗| = 12δ.) Then, the curve ΦBC(t, γ˜) winds around the ball B(xc, 14δ) at least
b t
T
c times, where bαc denotes the largest integer not exceeding α. Hence
length(ΦBC(t, γ)) ≥ length(ΦBC(t, γ˜)) ≥ piδ
2
⌊
t
T
⌋
.
Since length(ΦBC(t, γ)) ≥ √2 · pi/2 for all t > 0, this gives the desired lower bound. 
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2.2. Proof of Theorem 1.1. We take and fix δ > 0 from the proof of Proposition 2.1 and take Ω0 ⊂ (0, pi)2 satisfying the
assumptions of Theorem 1.1. Let us denote the solution (restricted to (0, pi)2) by ω(t, x) = 1Ωt . The corresponding velocity and flow
is denoted respectively by u(t, x) and Φ(t, x). Let us prove a few lemmas which work in this setup.
Lemma 2.2. We have that
|u(t, x)− uBC(x)| ≤ C
for any t > 0 and x ∈ [0, pi]2 where C > 0 is a universal constant.
Proof. Since u(t, ·) is divergence-free, area([0, pi]2\Ωt) = area([0, pi]2\Ω0) ≤ 2 for all t ≥ 0. From the elementary estimate
‖∇∆−1f‖L∞(T2) ≤ C‖f‖
1
2
L∞(T2)‖f‖
1
2
L1(T2) (see e.g. [15]),
‖u(t)− uBC‖L∞ ≤ C‖ω(t)− ωBC‖
1
2
L∞‖ω(t)− ωBC‖
1
2
L1
≤ C.

From this stability lemma, we obtain a stability result for the trajectories associated with 1Ωt :
Lemma 2.3. There exists an absolute constant c1 > 0 such that
[0, pi]2\B(xc, 3δ
2
) ⊂ Φ(t, [0, pi]2\B(xc, δ)) ⊂ [0, pi]2\B(xc, δ
2
)(2.3)
for 0 ≤ t ≤ c1−1.
Proof. We compute
d
dt
ψBC(Φ(t, x)) = u(t,Φ(t, x)) · ∇ψBC(Φ(t, x)) =
(
u(t,Φ(t, x))− uBC(Φ(t, x))
)
· ∇ψBC(Φ(t, x)),
using stationarity of ωBC . Since |∇ψBC | is uniformly bounded, using Lemma 2.2, we obtain that∣∣∣ψBC(Φ(t, x))− ψBC(x)∣∣∣ ≤ ∫ t
0
∣∣∣∣ ddsψBC(Φ(s, x))
∣∣∣∣ ds ≤ Ct.(2.4)
Equipped with (2.4), let us proceed to prove the second inclusion of (2.3). We consider two cases.
Case (i): x ∈ B(xc, 2δ)\B(xc, δ).
In this case, we have that
ψBC(x)− ψBC(xc) ≥ |x− xc|
2
4
− |x− xc|
3
16
≥ δ
2
4
− δ
3
2
from (2.2). On the other hand, if we assume in addition that Φ(t, x) ∈ B(xc, δ2 ), this would require that
ψBC(xc)− ψBC(Φ(t, x)) ≥ −|Φ(t, x)− xc|
2
4
− |Φ(t, x)− xc|
3
16
≥ − δ
2
22 · 4 −
δ3
23 · 16 ,
which gives (recall that δ ≤ 1
4
)
ψBC(x)− ψBC(Φ(t, x)) ≥ δ
2
4
− δ
3
2
− δ
2
22 · 4 −
δ3
23 · 16 =
δ2
4
(1− 2δ − 1
22
− δ
25
) ≥ δ
2
32
> 0.
Taking c1 > 0 small enough (depending only on δ and C from (2.4)), this gives a contradiction to (2.4) for t ∈ [0, c1−1], which shows
that Φ(t, B(xc, 2δ)\B(xc, δ)) ⊂ [0, pi]2\B(xc, δ2 ).
Case (ii): x ∈ [0, pi]2\B(xc, 2δ).
If Φ(t, x) /∈ B(xc, δ/2) for all t ∈ [0, c1−1], then there is nothing to prove. So we may assume |Φ(t0, x) − xc| < δ/2 for some
t0 ∈ (0, c1−1]. But then, by continuity of the flow, we must have |Φ(t1, x) − xc| = 2δ for some t1 ∈ (0, t0). Thus, by replacing x
with Φ(t1, x) in (2.4), we obtain that
δ2
32
≤ C(t1 − t0) ≤ Cc1.
This is a contradiction due to the choice of c1 > 0.
Therefore, the second inclusion in (2.3) is proved. The proof for the other inclusion can be done similarly. 
We now state a complementary lemma:
Lemma 2.4. We have that
Φ(t, B(xo, ˜)) ⊂ B(xo, δ), t ∈ [0, c1−1],
where ˜ := (c2δ)
exp((c3)
−1) with some constants c2 ∈ (0, 1], c3 > 0 depending only on c1.
Proof. The conclusion follows directly from the trajectory estimate for 2D Euler (see [11, Lemma 2])
|Φ(t, x)− Φ(t, x′)| ≤ C|x− x′|exp(−Ct‖ω0‖L∞ )
upon taking x′ = xo. 
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Proof of Theorem 1.1. From the assumptions on Ω0, we take an injective piecewise differentiable curve γ0 : [0, 1]→ (0, pi)2 satisfying
• |γ0(0)− xo| = ˜ and |γ0(1)− xc| = δ,
• γ0([0, 1]) ⊂ (0, pi)2\B(xc, δ) and γ0([0, 1]) ⊂ ∂Ω0,
• |Nxc [γ0]| ≤ 1.
We set x∗o = γ0(0), x
∗
c = γ0(1), and I = [0, c1
−1]. In the following, t will be assumed to lie on the interval I. From Lemma 2.3 and
Lemma 2.4, it follows that
• |Φ(t, x∗o)− xo| ≤ δ and δ2 ≤ |Φ(t, x∗c)− xc| ≤ 3δ2 , and
• Φ(t, γ0) =: γt does not intersect B(xc, δ2 ).
By (1.4), we observe that the winding number Nxc [γt] of the curve γt around xc satisfies
Nxc [γt] + 1 ≥ Nxc [γt]−Nxc [γ0] ≥
1
2pi · (3/2)δ
∫ t
0
u(t′,Φ(t′, x∗c)) · (Φ(t
′, x∗c)− xc)⊥
|Φ(t′, x∗c)− xc| dt
′ − c.
The constant c in the above appears from a potential loss of the winding number due to motion of the other endpoint Φ(t, x∗o), which
is bounded above by 1 since Φ(t, x∗o) cannot escape the ball B(xo, δ).
On the other hand, by using (2.1) and Lemma 2.2, we have∫ t
0
u(t′,Φ(t′, x∗c)) · (Φ(t
′, x∗c)− xc)⊥
|Φ(t′, x∗c)− xc| dt
′ ≥
∫ t
0
1
2
(
Φ(t′, x∗c)− xc
)⊥ · (Φ(t′, x∗c)− xc)⊥|Φ(t′, x∗c)− xc| dt′
−
∫ t
0
∣∣∣1
2
(
Φ(t′, x∗c)− xc
)⊥ − uBC(Φ(t′, x∗c))∣∣∣dt′ − ∫ t
0
∣∣∣uBC(Φ(t′, x∗c))− u(t′,Φ(t′, x∗c))∣∣∣dt′
≥ 1
2
∫ t
0
|Φ(t′, x∗c)− xc|dt′ − 1
4
∫ t
0
|Φ(t′, x∗c)− xc|2dt′ − C
∫ t
0
1dt′
≥ c∗t · (δ − C).
We shall proceed assuming  > 0 small enough so that C < δ
2
. Thus we get
Nxc [γt] + 2 ≥ c′∗t, t ∈ I.
By (1.3), we conclude that
length(∂Ωt) ≥ length(γt) ≥ max
{
c˜, (c′∗t− 2) ·
(
2pi · δ
2
)}
, t ∈ I,
where the constant
c˜ := dist (B(xc, (3/2)δ), B(x0, δ)) > 0
is independent of  > 0. Hence we get length(∂Ωt) ≥ c0t for t ∈ I where c0 is a universal constant. 
3. The whole space case
Proof of Theorem 1.2. We denote D = B(xo, 1) ⊂ R2. Recall that uD = K ∗ 1D satisfies
(3.1) uD,rad ≡ 0, uD,tan(x) =
{ |x|
2
if x ∈ D,
1
2|x| otherwise
for the decomposition u = urad
x
|x| +utan
x⊥
|x| . From the assumption of the theorem, we take an injective piecewise differentiable curve
γ0 : [0, 1]→ (B(xo, 2) \D) ∩ ∂Ω0 satisfying γ0(0) = x1 with |x1| = 1, and γ0(1) = x2 with |x2| = 2 and
|Nx0 [γ0]| ≤ 1.
Let’s denote |Ω04D| = δ. By the stability result of [19] (also see [20] for bounded domains), we have
|Ωt4D| ≤ C
√
δ, t ≥ 0,
where 1Ωt is the solution of (1.1) for the initial data 1Ω0 . As in the proof of Lemma 2.2, we get, for u(t) = K ∗ 1Ωt ,
‖u(t)− uD‖L∞ ≤ C1δ1/4, t ≥ 0,
where C1 > 0 is a universal constant (e.g. see [6, Lemma 2.2]). We then observe that
|urad(t, x)| ≤ C1δ1/4, t ≥ 0, x ∈ R2
follows from (3.1). Since |x1(0)| = 1, |x2(0)| = 2, we have, for
t ∈ [0, 1
4
/(C1δ
1/4)] =: I,
we have x1(t) ∈ B5/4 \ B3/4, and x2(t) ∈ B9/4 \ B7/4, where xi(t) := Φ(t, xi) for i = 1, 2. In the following, t will be assumed to lie
on the interval I. We observe that for any x ∈ R2\D,
Φ(t, x) ∈ R2\B(xo, 3
4
).
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Thus, we obtain from (3.1) that
utan(t, x1(t)) ≥ min{3/4
2
,
1
2 · 5/4} − C1δ
1/4 =
21
56
− C1δ1/4, utan(t, x2(t)) ≤ 1
2 · 7/4 + C1δ
1/4 =
16
56
+ C1δ
1/4.
Assume δ > 0 small enough so that C1δ
1/4 ≤ 1
56
. Then
utan(t, x1(t)) ≥ 20
56
, utan(t, x2(t)) ≤ 17
56
.
Thus we have the following estimate on the winding number Nx0 [γt] for the curve γt := Φ(t, γ0) around xo by (1.4):
Nx0 [γt] + 1 ≥ Nx0 [γt]−Nx0 [γ0] ≥
1
2pi · (5/4)
∫ t
0
utan(t
′, x1(t
′))dt′ − 1
2pi · (7/4)
∫ t
0
utan(t
′, x2(t
′))dt′
≥ 20
56
· t
2pi · (5/4) −
17
56
· t
2pi · (7/4) = c1t,
where c1 > 0 is an absolute constant. This gives
length(∂Ωt) ≥ length(Φ(t, l)) ≥ max
{(
7
4
− 5
4
)
, (c1t− 1) ·
(
2pi · 3
4
)}
.
Hence, there is an absolute constant c0 > 0 such that length(∂Ωt) ≥ c0t for t ∈ I and the proof is done by setting c1 = (4C1)−4. 
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